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SILTED ALGEBRAS 


ASLAK BAKKE BUAN AND YU ZHOU 


Abstract. We study endomorphism algebras of 2-term silting complexes in derived categories 
of hereditary finite dimensional algebras, or more generally of Ext-finite hereditary abelian cate¬ 
gories. Module categories of such endomorphism algebras are known to occur as hearts of certain 
bounded r-structures in such derived categories. We show that the algebras occurring are exactly 
the algebras of small homological dimension, which are algebras characterized by the property 
that each indecomposable module either has injective dimension at most one, or it has projective 
dimension at most one. 


Introduction 

Happel and Ringel BHRII introduced tilted algebras in the early eighties. These are the finite 
dimensional algebras which occur as endomorphism algebras of tilting modules over hereditary 
finite dimensional algebras. 

The notion was generalized by Happel, Reiten and Smalp lIHRSl . who introduced quasi-tilted 
algebras, which are the algebras occurring as endomorphism algebras of tilting objects in hered¬ 
itary abelian categories with finiteness conditions. Quasi-tilted algebras were shown to have a 
natural homological characterization. Consider the following property on the category mod A, of 
finite dimensional right A-modules, for a finite dimensional algebra A: for each indecomposable 
module X, we have either pd A < 1 or idA < 1 (that is: the projective or the injective dimension 
is at most one). Let us call this the y/jor/-property (=small homological dimension). 

In lIHRSl . they showed that the quasi-tilted algebras are exactly the algebras of global dimen¬ 
sion at most two with the shod-property. They also showed that algebras with the shod-property 
have global dimension at most three. 

Then, Coelho and Lanzilotta BCLII defined shod algebras, as fhe algebras wifh fhe shod- 
properfy. Shod algebras of global dimension three, they called strictly shod. Later Reiten and 
Skowrohski lIRSl . gave a characterization of the strictly shod algebras, in terms of a property of 
the AR-quiver Qa of A: namely the existence of what they called a faithful double section in Qa- 

Our aim is to show that shod algebras admit a very natural characterization, using the notion 
of silting complexes, as introduced by Keller and Vossieck BKVL Let P be a complex in the 
bounded homotopy category of finitely generated projective A-modules A^(proj A). Then P is 
called silting if Hom/fi,(pj.oj^)(P, P[/]) = 0 for i > 0, and if P generates A*(proj A) as a triangulated 
category. Furthermore, we say that P is 2-term if P only has non-zero terms in degree 0 and -1. 
In Section m we generalize the notion to bounded derived categories of abelian categories. Note 
that A^fproj A) can be considered as a full subcategory of the bounded derived category D*(A), 
and as equal to D^(A) if A has finite global dimension. 

Definition 0.1. Let B be a finite dimensional algebra over afield k. Wh call B silted if there is a 
finite dimensional hereditary algebra H and a 2-term silting complex P £ A^(proj H) such that 
B = End£)i>(//)(P). Furthermore, the algebra B is called quasi-silted if B = for a 

2-term silting complex P in the derived category of an Fxt-finite hereditary abelian category FI. 
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In llBZl . we studied torsion theories induced by 2-term silting complexes, and generalized 
classical results of Brenner-Butler IBBl and Happel-Ringel lIHRl . Here we apply these results to 
prove the following main result. 

Theorem 0.2. Let A be a connected finite dimensional algebra over an algebraically closed field 
k. Then 

(a) A is a strictly shod or a tilted algebra if and only if it is a silted algebra. 

(b) A is a shod algebra if and only it is a quasi-silted algebra. 

The paper is organized as follows. We first recall some notation and facts concerning 2-term 
silting complexes and induced torsion pairs. Then in Section [2l we prove part (a) of our main 
theorem. In Section [3] we provide a link to the classification of shod algebras by Reiten and 
Skowrohski. Then we define 2-term silting complexes in bounded derived categories of Ext-finite 
abelian categories, in Section 01 where also part (b) of our main theorem is proved. We conclude 
with providing a small example to illustrate our main theorem. See BASSl for the definition of 
torsion pairs and other undefined notions for module categories. See BHllIHRSl for the definition 
of t-structures and other undefined notions for derived categories. 

We would like to thank Steffen Oppermann and Dong Yang for discussions related to this 
paper. 


1. Background and notation 

In this section we fix notafion and recall facts concerning silting theory for 2-term silting 
complexes. We refer to IIBZII for details. 

In this paper, all modules are right modules. Let A be a finite dimensional algebra over a 
field k. We denote by mod A the category of all finitely generated A-modules. A composition 
fg of morphisms / and g means first g and then /. But a composition ab of arrows a and b 
means first a then b. Under this setting, we have an equivalence from the category of all finite 
dimensional representations of a quiver Q bounded by an admissible ideal J to the category 
mod V.QIJ, and a canonical isomorphism A = End^ A. Eor an A-module M, we let add M denote 
the full subcategory of all direct summands in direct sums of copies of M, we let Eac M denote 
the full subcategory of all modules which are factors of modules in add M, and we let Sub M 
denote the full subcategory of all modules which are submodules of modules in addM. Let 
rad M denote the radical of a module M, and let soc M denote the socle of M. We let D = 
Homk(-, k) denote the ordinary vector-space duality, we let v denote the Nakayama functor v = 
DHomA(-,A), and we let ta denote the Auslander-Reiten translation in mod A. Note that the 
Nakayama functor induces an equivalence /f^(proj A) —> /f^(inj A), where proj A and inj A denote 
the full subcategories of projectives and injectives in mod A, respectively. Eurthermore, we have 
an isomorphism 

Hom^;)(^)(X, vY) = D Hom£)i)(^)(Y, X) 

for X, Y in A'*(proj A). Let K, 'V be full subcategories of a triangulated (or abelian) category AV. 
We let'll *'V denote the full subcategory with objects occurring as a middle terms of triangles 
(or short exact sequences) with left end terms in 'll and right end terms in 'V. 

Consider a pair of indecomposable A-modules X, Y. If there exists a sequence of non-zero 

morphisms X = Xq ^ Xi ^ A 2 • • • —> X„ X„+\ = Y with A,- indecomposable for 
/ = 0,1, • • • ,n-\- I, then we call X a predecessor of Y, and Y is called a successor of X. 

Let P be a 2-term silting complex in A*(proj A) for a finite dimensional k-algebra A and let 
B = End£,i(^)(P). We always assume P is basic, and that k is algebraically closed. Then R is a 
path algebra modulo an admissible ideal. Consider the subcategories 

T{P) = {Xe mod A | Homo6(^)(P, A[l]) - 0) 
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and 

T{V) = {Xe mod A | Homo6(^)(P, X) - 0}. 

Then (7'(P),?^(P)) is a torsion pair in mod A. Furthermore, the functors Hom£)*(^)(P,-) re¬ 
stricted to 7'(P) and Hom£,fc(^)(P,-[!]) restricted to ?^(P) are both fully faithful and there is a 
2-term silting complex Q in D*(modB), such that A'(P): = Hom£,6(^)(P, !F(P)[1]) = T'(Q) and 
J/(P): = Hom£,i,(^)(P, 7*(P)) = IF(Q). We will refer to this fact, which is the main result of HBZL 
as the silting theorem. 

Note that Hom£,6(^)(P, vP) = D Hom£,i,(^)(P, P) is an injective cogenerator for mod B. 

The following facts from IIHKMII and BZl concerning the torsion pair {T (P), 7^(P)) are useful. 

Proposition 1.1. With notation as above, we have: 

(a) {T(P),T(P)) = (Fac//‘’(P),Sub//-i(vP)); 

(b) the modules in add //*’(P) are the Ext-projectives in T (P); 

(c) for each X in T (P), there is an exact sequence 

O^L^To^X^O 

with Tq in add H^{P) and L in T (P); 

(d) the modules in add//“^(vP) are the Ext-injectives in !F(P); 

(e) for each Y in !F(P), there is an exact sequence 

with Fq in add//“^(yP) and L in 7^(P). 

We shall also need the following facts concerning B = End£,fc(^)(P) and the torsion pair 
(A'(P), J/(P)) in mod B, in the case where A is hereditary. 

Proposition 1.2. Let FI be a hereditary algebra, let P be a 2-term silting complex in /r^(proj H) 
and let B - End£,i.(^)(P). Then the following hold. 

(a) The torsion pair (ACP), J/(P)) is split. 

(b) A(P) is closed under successors and J/(P) is closed under predecessors. 

(c) For any X e A(P) and Y e J/(P), we have pd Fg < 1 and idXs < 1. 

(d) The global dimension of B is at most 3. 

(e) Any almost split sequence in mod B lies entirely in either A(P) or J/(P), or else it is a 
connecting sequence 

0 ^ F{vP) F((radP)[l]) © F(yP/ soc(yP)) ^ P(P[1]) ^ 0, 
for P indecomposable projective with P ^ add(P © P[l]), where F = Hom£,i(^)(P, —). 
Proof, (a) This follows from IIBZl Eemma 5.5]. 

(b) This follows from (a), using the fact that there are no non-zero maps from objects in A'(P) to 
objects in d/(P). 

(c) Eet F be an object in J/(P). By definition, there is an //-module M e T'(P) such that 
Hom£,6(^)(P, M) = F. Then by Proposition [TaIc), there is an exact sequence 

O^L^To^M^O 

with Tq e add//‘’(P) and L £ 7'(P). Applying Hom£,*(//)(P, -), we have an exact sequence 
0 —> Hom£)fc(/^)(P, L) —> Hom£)/)(^)(P, Tq) —> Hom£)fc|-/^)(P, M) 0. 

On the other hand, applying Hom//(-, N) for any N €7~ (P) we have an exact sequence 

Ext]^(ro,A) ^ Ext]^(L,A) ^ Ext^(M,A) 

where the first term is zero, using Proposition II. li b) and that Pq is in add//‘'(P), and where the 
last term is zero since H is hereditary. So Ext^(L, N) - 0 for any N e 7~ (P), which implies 
L £ add//‘’(P) by Proposition 1 1.1 l b). Since pd//*^(P)// < 1, we have that //®(P) is isomorphic 
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to a direct summand of P. So both Hom£)fc(/^)(P, Tq) and Hom£)fc(/^)(P, L) are projective, hence, 
we have pd Yb = pdHomoi,(^)(P, M)b < 1. The proof for X € <Y(P) is similar by using Proposi- 
tion ll.ll d.e'). 

(d) This follows from (c), using IIHRSI Proposition 2.1.1]. 

(e) This follows from (a) and BBZl Proposition 5.6]. □ 

We also need the following observation which follows from HAIR! Lemma 2.3]. 

Lemma 1.3. For a projective A-module P, we have that P[l] is a direct summand in P if and 
only ifliomA{P,H^(P)) = 0. 

We recall the notion of (strictly) shod algebras. 

Definition 1.4 ( BCLII l. An algebra A is called shod if for each indecomposable A-module X, either 
pdX ,4 < 1 or idX^ < 1- Also, A is called strictly shod if A is shod and gl.dim A = 3. 

Let X be the set of the indecomposable A-modules Y such that for all predecessors X of Y, 
we have that pd < 1 and H be the set of the indecomposable A-modules X such that for all 
successors Y of X, we have that id L 4 < 1- We recall some equivalent characterizations of shod 
algebras. 

Proposition 1.5 dlCLU l. The following are equivalent for an algebra A.' 

(a) A is a shod algebra; 

(b) (add:R, add(X \ K}) is a split torsion pair in modA; 

(c) (addCR \ X), add X) is a split torsion pair in mod A; 

(d) there exists a split torsion pair (7*, f) in modA such that pdY^ < ^ for each Yep' and 
idX^ < 1 for each X e7~. 

2. Silted algebras and shod algebras 

Note that by Proposition ll.2f a.cl. any silted algebra is shod. In this section we prove that a 
finite dimensional algebra over an algebraically closed field is silled if and only if if is slriclly 
shod or filled. The following will be fhe key facl for our proof. 

Proposition 2.1. If there is a 2-term silting complex P € X^(projA) such that (T'(P),!F(P)) 
satisfies condition (d) in Proposition U.Sl then A is a silted algebra. 

The proof of this will follow after a series of lemmas. For this we now fix an algebra A and 
assume the existence of a 2-term silting complex P = P** j € X^(proj A), such that 

(7'(P),!P'(P)) satisfies condition (d) in Proposition 11.51 Then, in particular, A is a shod algebra. 
Let B = End£, 6 (^)(P) = ^^QbIJb, where Jb is an admissible ideal. We aim to prove that Qb, the 
Gabriel quiver of B, is acyclic. Then we show that the corresponding hereditary algebra H = V.Qb 
admits a 2-term silting complex, such that A is isomorphic to its endomorphism ring. This is our 
strategy for proving Proposition 12.11 

In order to describe Qb and Jb we need first to consider two factor algebras of B, namely 
EndA(//‘’(P)) and EndA(//“HvP)). 

Eet P = Pi © Pm © Pr, where Pr is the direct sum of the indecomposable direct summands of 
P with zero 0th term and Pr is the direct sum of the indecomposable direct summands of P with 
zero -1th term. We shall need the following lemma. 

Lemma 2.2. is projective and //“^(P)[l] € addPi. Dually, H^{vP) is injective and 

//*’(yP) £ add vPr. 

Proof We prove the first part. The proof of the second part is similar. Since P is given by the 
map P —> P , we have an exact sequence 

0 ^ H-\P) P-^ ^P^ % //0(P) ^ 0. 
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By definition, the map Cp is a projective cover of //°(P). Let K = ker Cp. By Proposition It. It bi. 

is Ext-projective in T'(P). Therefore any direct summand of K is not in T'(P), and since 
(7~(P), is split, by the assumption on P, we have that K belongs to IE(P). So pd < Iby 

the assumption, and hence H ^ (P) is projective. 

We now prove that //“'(P)[l] is in addP^. By Lemma fOl it is sufficient to prove that 
Hom. 4 (//“^(P),//‘’(P)) = 0. Applying Hom£,fc(^)(-,//°(P)) to the triangle 

^ P ^ //°(P) ^ //“HP)[2], 

we have an exact sequence 

Homo/yA)(P,^°(P)[l]) ^ Homo.(A)(//-'(P)[l],^‘’(P)[l]) ^ Homo.(A)(//°(P),//°(P)[2]), 

where the first term is zero by //°(P) e 7~ (P) and the third term is zero by id H^\P)a < 1 - Then 
we have HomA(//~HP)> ^**(P)) = 0. □ 

By this we get the following relations between the algebras EndA(//^(P)), EndA(/f~'(i^P)) and 
End£,fc(^)(P). 

Lemma 2.3. The functor H^{—) gives a surjective homomorphism of algebras 

H\-y. End^.(^)(P) ^ EndA(//°(P)) 

whose kernel is the space consisting of morphisms which factor through add P/,. The functor 
H~^{v-) gives a surjective homomorphism of algebras 

Endo.(A)(P) ^ EndA(//-'(vP)) 

whose kernel is the space consisting of morphisms which factor through addPft. 

Proof Since H^{-) is a k-linear functor, it gives a homomorphism of the algebras. Using that 
P is a projective presentation of //°(P), we obtain that this homomorphism is surjective. By 
^**(Pl) = 0, we have that H^\f) = 0 for any morphism / which factors through P^. Now we 
assume that H^\f) = 0 for a chain map / = (/“' /°) e End£)i,(A)(P)- Considering the following 
diagram: 

P-^ - - -^ P^ -^ //‘’(P)-^ 0 


P-'- - -^ P^ -^ H^iP) -^ 0 

we have that /** factors through p. So we may assume that /° = 0 up to homotopy. In this case, 
f~^ factors through H~^{P). Due to Lemma l2^ we have //“^(P)[l] £ addP^. Hence / factors 
through add P^. Thus, the proof of the first statement is complete. The second statement is dual 
to the first one. □ 

The following will be crucial for proving that 2 b is acyclic. 

Lemma 2.4. Both EndA(//*’(P)) and EndA(//~HvP)) ^fe hereditary algebras. 

Proof We prove the statement for Bq = EndA(/f^’(P)). The proof for EndA(/f^HvP)) is simi¬ 
lar. To complete the proof, it is sufficient to prove that pd S Bq < 1 for any simple Po-nrodule 
S. Since, by Lemma 1231 the algebra Bq is a factor algebra of B, we have that modPo is a full 
subcategory of mod B closed under both submodules and factor modules. Therefore, the tor¬ 
sion pair (ACP), d/(P)) in mod B, gives rise to a torsion pair (A(P) n mod Bq, J/(P) n mod Bq) in 
mod Bq. It is straightforward to verify that we have Hom£,6(A)(P> ^**(P)) = HomA(//°(P), //®(P)), 
so Hom£,i.(^)(P, //°(P)) is a projective generator of mod Bq. 

Ps 

Let S be a simple Po-module and Hom£)*(A)(P ’—^S —> 0 be a projective cover of S, 
where Tq € add//‘’(P). We have that Hom£,6(^)(P, To) is in J/(P), and since d/(P) is closed under 
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submodules, also the kernel of ps is in J/(P). Hence there is an L in T'(P), such that there is an 
exact sequence 

0 ^ HomoA(^)(P, L) ^ Hom£,i,(^)(P, Tq)^S ^0. (2.1) 

We claim that Ext^(L, 7'(P)) = 0. Indeed, since S is simple, either S £ 2(’(P) n modBo or 
S e J/(P) n mod Bq. If 5 £ d/(P) n mod Bq, then, by definition, there is an X e T (P) such 
that S - Hom£)6(^)(P,X). By the silting theorem, the exact sequence (12.11) gives rise to an exact 
sequence 

( 2 . 2 ) 

in mod A. By the assumption on 7'(P), we have that Ext^(-,7'(P)) = 0. In particular 
Ext^(X, T (P)) = 0, and hence it follows from the sequence (12.21) that Ext^(L, T (P)) = 0. 

Now consider the case with S £ <Y(P) n mod Bq. Then, by definition, there is a F £ ?^(P) such 
that S = Hom£,i,(^)(P, F[l]). So we have a triangle (see IIBZl Theorem 2.3]) in D^{A): 

Y^L^Tq^ F[1]. 

Since {T (P), !F(P)) is split, it follows that Ext*(F, T (P)) = 0. Therefore Ext^(L, T (P)) = 0. Thus, 
we have finished the proof of the claim that Ext^(L, T (P)) = 0. This implies that L £ add H^(¥) 
by Proposition 1.1(b). Hence the exact sequence (12.11) is a projective resolution of S , which shows 
that pd S Bq < 1 . □ 

We first give a preliminary description of Qb and Jb for B - EndB)fc(^)(P). This will be im¬ 
proved in Eemma lT9] 

Eet E? be the set of the vertices o^ Qb corresponding to the direct summands of P? and let e? 
be the sum of primitive orthogonal idempotents with v £ E?, where 1 = L, M or R. Eet 
(resp. be the full subquiver of Qb consisting of the vertices in El U Em (resp. Em U Vr) 

and the arrows between them. Eor any algebra A, we use Q\ to denote its (Gabriel) quiver. 

Lemma 2.5. With the above notation, the following hold. 

(a) Each path in QBfrom Vr to Vr, or from Vr to Vr, is in Jr. In particular, there are no 
arrows from Vr to Vr and no arrows from Vr to Vr. 

(b) The surjective algebra morphisms in Lemma [01 induce isomorphisms of quivers Q^^ = 
GEndAtt/OtP)) Qb^ - QBndAiH-HvV))- 

(c) The algebra B is monomial, and the ideal Jr is generated by the paths from Vr to Vr and 
the paths from Vr to Vr. 

Proof. The first assertion in (a) follows from HomD/,(^)(PB, Pl) - 0 and HomDi,(^)(PL, P^) = 0. 
Then the second assertion follows since Jr is admissible. 

The surjective algebra morphisms in Eemma l23] induce algebra-isomorphisms End^(//‘’(P)) = 
BIBorB and EndA(//“HvP)) = BIBorB. The (Gabriel) quiver of BIBe-iB is obtained from Qb by 
removing the vertices in E? and the arrows adjacent to these vertices, where 1 = L,R. Then (b) 
follows. 

Moreover, it follows from the above algebra-isomorphisms that JbIJb^lJb - 0 = JbIJb^rJb 
since, by Eemma lZ^ EndA(/f°(P)) and EndA(//“HpP)) are hereditary. So for any minimal rela¬ 
tion Yji 'lifi with Ai £ k nonzero and f a path in Qb, each f factors through El and E^. Hence, 
by (a), the assertions in (c) follow. □ 

Before we can show that 2 b is acyclic we need some more properties of the torsion pair 
(A(P),d/(P)). 

Lemma 2.6. With the above notation, the following hold. 

(a) For any X in mod A, we have that the B-module Homnf>r/iAP, XN]) is in A(P), and that 
Hom^„(^)(P,X) Amd/(P). 

(b) We have that the projective B-module Hom£)i(^)(P, Pl) is in A'(P) and that the injective 
B-module Hom£,i.(^)(P, vPb) is in J/(P). 
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(c) Let Cm be the projective cover of a B-module M. If Cm is in addHom£)i(yi)(P, P/,), then 
M is in ^Y(P). 

(d) Let Em be the injective envelope of a B-module M. If Em is in addHom£)fc(^)(P, yP«), 
then M is in J/(P). 

Proof Part (a) is contained in IIBZl Lemma 3.6]. Part (b) follows directly from (a). Then parts (c) 
and (d) follow from the facts that A’(P) is closed under factor modules, and d/(P) is closed under 
submodules. □ 

Lemma 2.7. We have Extg(^(P), J/(P)) = 0. 

Proof Since (T'CP), 7^(P)) is split by assumption, we have that P is a tilting complex by HBZl 
Proposition 5.7]. Then we have 

ExtIWP), J/(P)) = Hom^.(^)(7"(P)[l],7'(P)[2]) - Ext\{T{P),T{V)) = 0. 

□ 


Lemma 2.8. There are no paths from to Vr in Qg. 

Proof Assume there is a path p from v\ in Vr to V 2 in Vr, and assume it contains no proper 
subpath from Vr to Vr. Then, by Lemma l23] (cl. it follows that p is a minimal relation. Let S, for 
i = 1,2 be the simple B-module corresponding to vertex v,. Then Ext|(Si,S 2 ) 7^ 0, by UBIRSl 
Proposition 3.4] (note that we use right modules but they use left modules). 

By Lemma l2l^ (c.dl. we have that S i is in A(P) and 52 is in J/(P). Now the claim follows 
from Lemma 12771 □ 

Summarizing, we have the following description of Qg and Jg- 

Lemma 2.9. The quiver Qg is acyclic and the ideal Jg is generated by the paths from Vr to Vr- 

Proof By Lemma 12.41 and I2.5f bl. there are no cycles in the subquivers and On the 
other hand, there are no paths from Vr to Vr by Lemma IZSl Hence, there are no cycles in Qg. It 
follows from Lemma l23l cl and Lemma |278] that Jg is generated by the paths from Vr to Vr. □ 

The following facts, see HAIRl Theorem 0.5 and Proposition 1.1], will be crucial. Recall that 
a torsion pair {T, T) in mod A is called functorially finite if both T and T are functorially finite 
subcategories. 

Proposition 2.10. Let (fT, f) be a torsion pair in mod A, for a finite dimensional algebra A. 

(a) (T", T') is functorially finite if and only if there is a 2-term silting complex C in /r^(proj A), 
such that {T, T) = {T{C), T{C)). 

(b) {T, T) is functorially finite if and only ifT = Eac U, where U is Ext-projective in T. 

We need one more observation before finishing fhe proof of Proposifion 12.11 

Lemma 2.11. We have AfP) c modEndA(//“^(vP)) and J/(P) c modEndA(//*’(P)). 

Proof. We only prove fhe firsl inclusion, fhe second can be proved dually. By fhe second part of 
Lemma 1231 we only need fo prove fhaf for any elemenf y in Endoi(yi)(P) which factors fhrough 
addP^, we have Xy = 0 for any X in A(P). This holds since A(P) = Homoi(^)(P, 7^(P)[1]) and 
clearly Hom£)6(yi)(Pfi, M[l]) = 0 for any A-module M. □ 

Proof of Proposition 12.71 Lef P be a 2-lerm silling complex in A^(proj A) such fhaf fhe induced 
torsion pair (7'(P),!F(P)) salisfies condifion (d) in Proposition [T3] and lef B = End£,fc(^)(P) = 
^QbIJb- By Lemma 1231 fhe quiver Qg is acyclic and fhe ideal Jg is generated by fhe pafhs from 
fhe vertices in Vr fo the vertices in Vr. Let H = kQg. We then have an induced embedding 
mod B c mod H. We claim that (A(P), J/(P)) is also a torsion pair in mod H. 
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For any //-module M, we only need to prove that M is in ^(P) * J/(P). We first note that MeiH 
is in <Y(P) by Lemma IZ^ cl. Consider the short exact sequence 

0 ^ MetH ^ MIMeiH 0. (2.3) 

By the description of Jb it is clear that MJb c MeiH, and hence that N = MjMeiH is in 

modB. Now, using that (^\'(P), d/(P)) is a torsion pair in modB, we have N e A’(P) * J/(P). 
Since <Y(P) is closed under extensions in modB, by Lemma |2.111 it is also an extension-closed 
subcategory of modEndA(//~H^P))- By Lemma [24l Lemma irsl bl and the definition of H, we 
have End, 4 (//“^(vP)) = HIHenH. Hence /V’(P) is also closed under extensions in mod//. Using 
the sequence (12.31) . we have that M e ^ffP) *^\'(P) * J/(P) = ^Y(P) * J/(P). Therefore, (2f(P), J/(P)) 
is also a torsion pair in mod H. 

We also claim that for any X € /YCP) and Y € J/(P), we have a functorial isomorphism 

Ext|^(X, Y) = Extg(X, T). Eor this, it is sufficient to prove that for any short exact sequence 

in mod //: 

o^y^e^x^o, 

we have that E e modB. Eor any vertex in Vr, we have Xe^^ = 0, by Eemma [2.111 and 
similarly Ye^ = 0 for any vertex v/ in Vl- Eor an arbitrary path in Jb, we then have that 

Xicy^pcvi) = 0, SO E{ey^pev,) c Ycy, - 0. Hence EJb = 0, and E is in modB. 

The torsion pair (^Y(P),d/(P)) is a functorially finite torsion pair in modB, by llBZl Corol¬ 
lary 3.9], and it then follows from Proposition 12 .1 Or bl that it is also functorially finite in mod//. 

Hence, by Proposition 12. lOf al. it follows that there is a 2-term silting complex R in //^(proj //) 
such that {T (R), !F(R)) = (/Y(P), J/(P)). Since // is hereditary, the torsion pair (2f(R), J/(R)) is 
split by Proposition 11.2f a'). By the silting theorem, we have A’(R) == ?^(R) - J/(P) - '/~(P) and 
similarly J/(R) - !F(P). 

So we have split torsion pairs (T'(P),;F(P)) in mod A, and (ACR), J/(R)) in modEnd£,fc(//)(R). 
We claim that we actually have mod A - modEnd£,;,(^)(R). Eor this, we need in addition a 
functorial isomorphism HomEnd^i,^^J(R)(J/(R)^2f(R)) = Hom4(!F(P),7'(P)). Indeed, we have 

HomA(!r(P),7'(P)) - Hom^;,(^)(r(P)[l][-l],7'(P)) 

-Ext]j(A(P),J/(P)) 

-Ext],(A(P),J/(P)) 

-Ext],(r(R),r(R)) 

-Hom^.(^)(r(R),r(R)[l]) 

= HomE„d„,,„,(R)(J/(R),2f(R)) 

It now follows that mod A - modEnd£)i(//)(R). Hence A = End£)i,(^)(R), and we have proved that 
A is silted. □ 

The following lemma gives a sufficient condition for a finite dimensional algebra to be tilted. 

Lemma 2.12. Let A be a finite dimensional algebra and P a 2-term silting complex, such that the 
condition of ProDosition \2J] holds. If, in addition, 7~(P) contains all the injective A-modules, or 
‘FfP) contains all the projective A-modules, then A is a tilted algebra. 

Proof. Assume T^fP) contains all the injective A-modules. Then, we have vPt[-l] £ 7*(P). 
So 0 = Hom£,i(^)(P, vPe[-1][1]) = Hom£,/,(^)(P, vP^) = DHom£,A(^)(PE, P). In particular, 
Hom£,;,(^)(PE, Pe) = 0. Hence Pe = 0. Then |//°(P)| = |P| = |A|. Since //‘’(P) e T(P), we 
have id//°(P )4 < I by assumption. It is clear that Ext^(//®(P), = 0. So H^(P) is a cotilt¬ 

ing A-moduIe. By Lemmathe algebra EndA(//°(P)) is hereditary. Therefore, the algebra A 
is tilted. The other case can be proved dually. □ 

Now we prove the main result in this section. 
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Theorem 2.13. Let A be a connected finite dimensional algebra over an algebraically closed 
field k. Then the following are equivalent: 

(a) A is a silted algebra; 

(b) there is a split functorially finite torsion pair {7~, fi') in mod A such that id^ X < I for any 
X and pd^ T < 1 for any Y € f; 

(c) A is a shod algebra with (add(!R \ X), add X,) functorially finite; 

(d) A is a tilted algebra or a strictly shod algebra. 

In this case, the global dimension of A is at most 3. 

Proof (a)^(b): This follows from combining Proposition 1 1.2r a.c') and Proposition 12. lOl a). 

(b) ^(d): Assuming (b), it follows from Proposition 12 .1 Ol a) that there is a 2-term silting complex 
P € X*(proj A) such that (T", f) = (T'(P), !F(P)). If !F(P) contains all the projective A-modules, 
then A is a tilted algebra by Lemma 12.121 If there is a projective A-module in T'(P), since 

is contained in slAAP, then P contains an Ext-projective module. By IIHRSI Theorem II.3.3], if A 
is quasi-tilted, then A is tilted. Thus the proof is complete. 

(d)^(c): See BCHUl Theorem 3.6]. 

(c) =>(b): This is trivial. 

(b)^(a): This follows from combining Propositions 12.11 and 12.101 

Finally, recall that it was proved in Proposition 11.2r e'). that the global dimension of a silted 
algebra is at most 3. □ 

Note that we have now proved part (a) of Theorem l0.21 

3. Double sections 

In IRSI . Reiten and Skowrohski characterized strictly shod algebras as strict double tilted al¬ 
gebras, which are algebras whose AR-quiver contains a strict faithful double section with certain 
conditions. Let B be an algebra which is tilted or strictly shod. By the previous section, we know 
that B = End£,6(j^)(P) for a 2-term silting complex P in the bounded derived category of some 
hereditary algebra H. In this section, we will use this fact to give an alternative proof of why B 
has a faithful double section A, by identifying the modules in A as images of some injective or 
projective A-modules under the functors Hom£)*(/^)(P, -) or Hom£,6(j^)(P, -[!]). Furthermore, we 
have that A is a section when B is tilted, while it is a strict double section when B is strictly shod. 
The construction of the double section A in a silted algebra is an analogue of the construction of 
a section in a tilted algebra. For the latter, we refer to IIASSl Section VIII.3]. 

We recall some definitions concerning AR-quivers. For an algebra A, denote by Fa the AR- 
quiver of A and by ta = DTr and = TrD the AR-translations in Fa. A ta- orbit of a module 

M £ mod A is the collection [rfM | m £ Z}. A path xq ^ —> • • • —> Xs-i —> in Fa is called 

sectional if there is no i with 1 < / < 5 - 1 such that x,_i = tax,+i and is called almost sectional 
if there is exactly one i with 1 < / < 5 - 1 such that X(_i = tax,+i. 

Let ^ be a connected component of Fa. A connected full subquiver A of is called a double 
section in if the following conditions hold: 

- A is acyclic, i.e. there is no oriented cycles in A; 

- A is convex, i.e. for each path xi —> X 2 —>•••—> x^ in with xi, x^ £ A we have x,- £ A 
for all I < i < S', 

- For each TA-orbit ^ in ^ we have 1 < |A n ^| < 2; 

- If is a TA-orbit in ^ and |A n = 2 then A n - {2f, taX] for some X £ "^ and there 

are sectional paths / ^ • • • —> taX and X —>•••—> P, with I injective and P projective. 

A double section A in ^ is called strict if there exists a TA-orbit ^ in ^ with |A D ^| = 2 and 
is called a section if for any TA-orbit ^ in ^ we have |A n ^| = 1. A double section is called 
faithful, if the direct sum of the corresponding modules is faithful. 
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Now let B be a connected silted algebra, that is, B is connected and there is a hereditary 
algebra H and a 2-term silting complex P G A'^(proj H) such that B - Endoi.(^)(P). Let F{-) = 
Hom^4(^)(P,-): D^{H) modB. 

Let be a complete set of non-isomorphic indecomposable projective //-modules. Let 
be the subset of consisting of P with P e add P and let be the subset of ^3^ consisting of P 
with /"[I] e add P. It is clear that n - 0- 

Lemma 3.1. With the above notation, the following hold. 

(a) For any P e we have /^(/"[l]) e 3f(P) and F(vP) e J/(P); /^(/"[l]) = 0 if and only if 
P e F{vP) - 0 if and only if P e 

(b) For any P e U ^^y), we have that both ofF(vP) and B’(/’[l]) are indecomposable 

and there is an AR-sequence 

0 ^ F{vP) ^ F{vPI soc(vB)) © B’((radB)[l]) ^ B’(B[1]) ^ 0. 

In particular, in this case, F{vP) is not injective and F(/’[l]) is not projective. 

(c) An indecomposable B-module in 3f(P) is projective if and only if it is isomorphic to 
F{P[\])for P G t^y. In this case, there is a right minimal almost split map in mod B 

B’(vP/soc(vB))©B’((radB)[l]) ^ F{P[l]). 

(d) An indecomposable B-module in J/(P) is injective if and only if it is isomorphic to F(vP) 
for P G In this case, there is a left minimal almost split map in mod B 

F{vP) FivPI soc(vP)) © P((rad P)[l]). 

Proof. Statement (a) follows from Lemma 1231 and the definitions of and I^y and (b) follows 
from Proposition ll.2f f). We will prove (c). Statement (d) can be proved similarly. Lor any 
P G t^y, we have P[l] g addP. So P(P[1]) is projective. Now we prove that all indecomposable 
projective modules in 2f(P) are of this from. Let P(M[1]) be an indecomposable projective B- 

pM 

module in A'(P) with M G fiP). Applying the functor P(-) to the projective cover Pm —> M 
of M in mod//, we obtain an epimorphism P(Pm[1]) —> F{M\Y\) since P(kerpM[2]) - 0. 
Since P(M[1]) is projective, this epimorphism is split. Hence P(M[1]) is a direct summand of 
P(Pm[ 1])- Therefore, by (a) and (b), P(M[1]) has to have the form P(P[1]) for some P G If^y. 

By BHll Chap. 4], there is an AR-triangle 

vP ^ vP/S © (radP)[l] ^ P[l] ^ (vP)[l] 

in where S - soc(vP). Applying the functor F to this triangle, we obtain an exact 

sequence 

0 ^ P(yP/S)©P(radP[l]) ^ P(P[1]) P((yP)[l]) 

in modB. Note that the last map u in this exact sequence factors through P(5'[l]). Lor 
each indecomposable summand P' of P, if P' is of the form P'[l] for some P' G iPy, then 
Hom£,fc(^)(P', S [1]) is 1 -dimensional for P' = P, and 0-dimensional for P' ¥ P. If P' is not of 
such form, then //“^(P') = 0 and hence Hom£)i(//)(P',yP[l]) = DHom£,6(//)(P[l],P') = 0. So 
the image of u is the simple top of P(P[1]). Hence F{vPIS) © P(radP[l]) ^ P(P[1]) is a right 
minimal almost split map. 

□ 

Let iPy be the subset of IP consisting of modules from which there are nonzero morphisms to 
modules in iPy which do not factor through modules in IP;. Dually, let iP'i be the subset of IP 
consisting of modules to which there are nonzero morphisms from modules in iPi which do not 
factor through modules in iPy. 
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Theorem 3.2. Let H be a finite dimensional hereditary algebra and P be a 2-term silting complex 
in A'^(proj H) such that B = End£)fc(^)(P) is connected. Then the full subquiver A of Tb formed 
by F{P\\\) for P £ and by F{vP) for P e V) \ ^'f), is a faithful double section in a 
component Tp o/Fg. Moreover, A is a section if and only if B is tilted, while A is a strict double 
section if and only if B is strictly shod. 


Proof. We first note that, since A is hereditary, then for a projective P with Pj rad P = S ,we have 
that radP is projective and vP/S is injective. By Lemma IXTl is the set of modules P € 
such that there is a path in Fg from P(P[1]) to P(P'[1]) for some P' e and is the set of 
P € such that there is a path from F{vP') to F{vP) for some P' £ 

Let Zi —> Z 2 —> • • • ^ Zi be a path in Fb with Z\,Zs £ A. To prove that A is convex, it is 
clearly sufficient to prove that Z 2 is in A, and proceed by induction. 

By assumption, the module Z\ is either of the form P(P[1]) for P £ or of the form F(vP) 
for P £ ,^; U (.^ \ 

First assume that Zi is of the form P(P[1]). Since P(P[1]) belongs to A'(P), by Proposi¬ 
tion [Olb) we have that none of the Z 2 ,... Z^ are in J/(P), and hence none are of the form F{vQ) 
for a projective Q. In particular Z^ = P(P'[1]) for some projective P' in and using repeatedly 
Lemma inT b.cl also Zs-\,Zs- 2 , •. • ,Z 2 must have this property. Hence, the claim that Z 2 is in A 
holds in this case. 

Now assume Zi is of the form F{vP) for some P in U \ ^'f). By Lemma l3AT b. d) we 
then have that either Z 2 = P(2[l]) or Z 2 = F{vQ) for a projective Q. In case Z 2 = P(2[l]), 
we can use the argument for case I, to conclude that Q is in and hence Z 2 is in A. Therefore 
assume Z 2 = F(vQ). Then by Lemma im b.dl. the map Zi ^ Z 2 is induced by an irreducible 
map P ^ 2. If P £ then Q £ and we are done. If P ^ then since P is by assumption 
not in we must also have that Q is not in This finishes the proof for the claim that Z 2 is 
in A for case II. Hence, we have that A is convex. 

We next prove that A is acyclic. Let A' be the full subquiver of Tg formed by P(P[1]) for 
p £ ^ \ and by F{vP) for P £ ,^ \ iiPr- It follows from Lemma [3A] that A' is convex and 
acyclic. It is clear that A is a full subquiver of A'. So A is also acyclic. 

We proceed to show that A is faithful and connected. For this, consider the P-modules Ta - 
®P€.^r^(P[l]) £ '^(P) and Tb = ®pe^\^r^{vP) £ J/(P). We claim that T = is a tilting 

module. Indeed, by Proposition 1 1.2r dl we have pdP^, < 1, and by Lemma [rTl cl it follows that 
Ta is projective. So we have that Ext^(Pfe, P^) = DHom(Pa, tbP^). Since by Proposition 11.21 b) 
we have that d/(P) is closed under predecessors, we must have that TsTb is also in J/(P). Hence, 
since Ta is in ACP), we have that Ext'(PB,Pa) = DYlomB{Ta,TBTb) = 0. The P-module P(vP) 
is Ext-injective in d/(P) by IBZj Proposition 2.8(3)]. Hence, we have Extg(PB, Tb) = 0. Hence 
Ext]j(P, P) = 0. Since clearly |P| = |A| = |P|, we have that P is a tilting P-module. 

Now, let Ar be the smallest convex full subquiver of Tb which contains all indecomposable 
summands of P. Since P is a tilting module, we have that Ay is connected and faithful. It is easy 
to check that Ay is the full subquiver of A' formed by F{vP) for P £ ,^ \ and by P(P[1]) for 
P £ So A is a full subquiver of Aj- and Aj- \ A is contained in J/(P) n A'. 

We will construct recursively a sequence of faithful connected full subquivers Aq = Aj-, Ai, 
• • •, A,„ = A of A' such that all of them contain A as a full subquiver and A^+i is a full subquiver 
of Ai with one less vertex for each 0 < s < m - \. Assume that A^ has been constructed for 
some s. By assumption we have A c A^ c Ay and so A^ \ A c J/(P) n A'. Then for each vertex 
Z = P(yP) in Ai \ A, there is no path from P(yP') to Z for any P' £ but there is a path from 
T“'Z = P(P[1]) to P(P"[1]) for some P" £ So t“'Z £ Ai and one can choose a vertex 
Z € As \ A which is a source in Ai. Now let Ai+i be the full subquiver of A' obtained from Ai 
by removing Z and the arrows adjacent to Z. By Lemma l3dT b). we have that Ai+i is also faithful 
and connected. This finishes the construction and the proof that A is faithful and connected. 
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Now let 'Pp be the connected component of Fb which contains A. By the construction of A, 
if a Tg-orbit 0 in 'Fp intersects A, then D A\ < 2. When it equals 2, the last condition in the 
definition of double section holds. So what we need to prove is that A intersects each rg-orbit in 
'Pp. By definition, for each P e at least one of F{vP) and F(/’[l]) is in A. Hence what we 
need to prove is equivalent to that A' intersects each ra-orbit in 'Pp. This proof is similar to the 
proof for the tilting case (cf. e.g. the proof of IIASSl Theorem VIII.3.5]), but we provide details 
for completeness. By induction, we only need to prove that for any ra-orbit c 'Pp, if there is 
an arrow t"F — > Z or Z ^ t”T in 'Pp for some n e Z, a module Z e and a module Y € A', then 
intersects A'. We assume that \n\ is minimal, and consider the following three cases. 

- The case n < 0. We first claim that Y = F(/'[l]) for some P e since we otherwise 

can replace Y by t“'T, and then this contradicts the minimality of \n\. We next claim 
that it follows that Z e A' and then we are done. To prove this claim, assume first that 
Z is in ACP) but not in A'. Then, by Lemma [TlT cl. it is not projective. So rZ Q and 
there exists an arrow rZ ^ or —> rZ. This contradicts the minimality of 

\n\. Now assume Z is in d/(P) but not in A'. Then, by Lemma iTTT dl. it is not injective 
and then t“'Z + 0. There is no arrow from r^T to Z since t”T e 2f(P)- If there is an 
arrow Z —> t”F, then r^^Z e -FfP) since it is a successor of t"F. Since Z G J/(P), the 
AR-sequence starting at Z is a connecting sequence, which implies that Z e A'. This is a 
contradiction. 

- The case n > 0. This is dual to the above case. 

- The case n = 0. If there exists an arrow Y Z with F = F(P[1]) for some P e then 
Z € 2f(P). If Z is projective, then it is in A'; if Z is not projective, then tZ 0 and there is 
an arrow rZ ^ F, which implies tZ e A' by Lemma ITT] If there exists an arrow Y Z 
with F = F{vP) for some P € the claim follows directly from Lemma ITT] Similarly, 
for the case Z ^ Y,v/e. also have that ^ intersects A'. 

Therefore, we have proved that A is a faithful double section. 

To proceed, consider the following full subquivers of A' 

A; = {x G A I there is an almost sectional path x ^ ^ P(P[1]) for some P G 

A' = {y G A I there is an almost sectional path F(vP) —> • • • ^ y for some P G 

A, = (A \ a;) U tbK, 

A,-(A\A;)uTg'A;. 

We claim that for any modules X from A^ and F from A;, we have HomB(A, r^F) = 0. By 
definition, we have {P(P[1]) | P G n 0^'^} c A' and {P(vP) | P G n c Aj. So 

A/nA’CP) = (A\A;)nA(P) c {P(P[l]) I P G'^; \ ( n ^;)}, 

A/ n J/(P) c A' n J/(P) - {P(yP) I P G \ g^r], 

A,nj/(P) = (A\A;)nj/(P) c {F{vP) \ p ^ \ 

Hence by Lemma l3Tl we have tb (A/ n <Y(P)) c {P(vP) | P G g^'^ \ n First, recall 
that we have proved that Th = ®peff>F{vP) is a direct summand of a tilting P-module. Then 
HomB(rB, tbPb) = 0. It follows that 

HomB(A, n J/(P), tb (A, n J/(P))) - 0. (3.1) 

Second, for any map / from Pi e g^'^ to P 2 G \ n since P 2 e but Pi ^ 
we have that / factors through J^i as / 1 / 2 . Furthermore, since P 2 ^ the map fi factors 
through Hence F{vf) = 0. By the silting theorem, it is easy to check that P(v-) induces an 
epimorphism Hom, 4 (Pi,P 2 ) ^ HomB(P(yPi), P(vP 2 )). Therefore, we have that 

Homs (A, n d/(P), tb (A, n 2((P))) = 0. 


(3.2) 
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Third, note that rgA/ c J/(P), so we have that 

Homs (A, n ^(P), tbAi) = 0. (3.3) 

Combining the equations (13.11) . (13.21) and (13.31) . we complete the proof of the claim. 

It now follows that if A is a double section, then B is a strictly shod algebra by lIRSi Theo¬ 
rem 8.2]. On the other hand, if A is a section, which implies that A/ = A^ = A, then by lO 
Theorem 1.6] and IS] Theorem 3], it follows that B is a tilted algebra. By Theorem 12.131 the 
algebra B is either tilted or strictly shod, therefore we have the last assertion. □ 

Remark 3.3. In the above proof, a tilting module is constructed for each functorially finite tor¬ 
sion pair (7*, !F) satisfying condition (d) in Proposition li.51 in a silted algebra, which is the one 
considered in BCLII when {T, T) = (addfR \ X), add X). 

Remark 3.4. In general, B is not necessarily connected even if H is connected. In this case, 
the subquiver A constructed in the above theorem is a union of faithful double sections A,- in 
components Tp ofYs., where each Bj is a connected component of B. 

Corollary 3.5. Let H be a finite dimensional hereditary algebra and P be a 2-term silting complex 
in A'^(proj H) such that B = End£,/)(//)(P) is connected. Then B is strictly shod if and only if there 
are nonzero morphisms f'.P\ Pi cmd g'. Pi ^ Pi with Pi € bPi, with P 2 & \ {^i f) 

and with P 3 € such that f does not factor through and g does not factor through 

Proof. By Theorem 13.21 the algebra B is strictly shod if and only if A is a strict double section, 
that is, there is a P 2 £ .^ \ (.^/ U such that both F{vP) and X(P[1]) belong to A. By the 
construction of A, this is equivalent to that P 2 e n Then by definition, this is equivalent 
to that there is a morphism from a module Pi e to P 2 , which does not factor through and 
there is a morphism from P 2 to P 3 G which does not factor through Thus, the proof is 
complete. □ 

Corollary 3.6. Let H be a finite dimensional hereditary algebra and P be a 2-term tilting com¬ 
plex. Then End£,i,(^^(P) is a tilted algebra. 

Proof. This follows from Theorem l2.13l and Corollarv l3.51 using the fact that L^r) - 0 

when P is tilting. □ 


4. Abelian hereditary categories 

In this section, we define and study 2-term silting complexes in bounded derived categories 
of abelian categories. Eet IR be an abelian k-category. Assume that A is Ext-finite, i.e., for any 
objects M,N ^ IR, we have that dimk Ext^(M, N) is finite for all i > 0. Then D^{IR) is Krull- 
Schmidt and Horn-finite (cf. BHRSl Section 1.4]). In IIHKMII . the authors also study 2-term silting 
complexes in bounded derived categories of abelian categories. We remark that the difference 
between our setting and HHKMl is that we assume that IR is Ext-finite while they assume that IR 
admits arbitrary coproducts. 

Definition 4.1. A complex P in D^{IR) is called a 2-term silting complex if the following hold: 

(51) Hom£)fc(^)(P, M[i]) - Ofor any M e IR and i 0 or 1. 

(52) Homo.(^)(P,P[l])-0. 

(53) For any M e IR, //'Hom£)i,(^)(P, M[i]) - Ofor any i e Z, then M - 0. 

Remark 4.2. When IR is the module category of a finite dimensional k-algebra A, we show in 
Corollary \4.I1\ that the 2-term silting complexes defined here are the same as the 2-term silting 
complexes in X^(proj A) considered in the previous sections of this paper. 

We need the following well-known result concerning truncations in D^(JA). 
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Lemma 4.3. Let X e D^{J{) be an object with H'(S.) = 0/or i < m and i > n. Then there exist 
triangles 

X,_1 ^ X,- ^ //''(X)[-/] ^ X;_i[l] 

for i € Z such that X,- = 0/or i < m and = X, where H‘{\) is the n-th cohomology of'K. 

We have the following immediate consequences. 

Lemma 4.4. Let V be a complex in satisfying (SI). For any X £ and i £ Z, there 

exists an exact sequence 

0 ^ Hom^;,(^/P,//'-HX)[l]) ^ Homo.(^)(P,X[/]) ^ ^ 0. 

Proof Applying Hom£)i(j^)(P, -) to the triangles in Lemma|43J by (SI), we have 

Hom£)/,(jz()(P, X[/]) = Hom£)/,(^)(P, X,[/]) (4.1) 

Homo.(^)(P,X;_2[/]) = 0 (4.2) 

Hom£)6(j?()(P, X,_2[i + 1]) = Hom£)6(j?()(P, X,_i[/ + 1]) = 0 (4.3) 

and two exact sequences 


Hom^/,(^)(P,X;_ 2 [/]) ^ Hom^/,(^)(P,X;_i[/]) ^ Hom^/,(^)(P,//'-i(X)[-(/ - !)][/]) 

^ Hom£,6(j?()(P,X,_2[/ + 1]) 

and 

0 —> Hom£)i(jz(/P, X,_i[/]) —> Hom£,i(^jz(/P, X,[/]) —> Hom£) 6 (j^/P,///X)[—/][/]) 

—> Hom£)*(j^/P, X,_i[/ + 1]). 

By the first exact sequence, together with (14.21) and (14.31) . we have Hom^ji^j^/P, X,_i[/]) = 
Hom£)i(j^)(P,//'“/X)[l]). Then by the second exact sequence, together with (14.11) and (14.31) . 
we get the required exact sequence. □ 

Lemma 4.5. Let V be a complex in D^{J{) satisfying (SI). Then the following hold. 

(a) //'(P) = 0/or any / > 0 or / < - 1 . 

(b) Hom£,i(j;()(P, P[/]) = 0 for any / > 1 or / < - 1 . 

(c) There is a triangle in D^{J{) 

H-^iP)[\] ^ P ^ //°(P) ^ //^/P)[2]. (4.4) 

(d) For any Me.Fi, the triangle ( 1 ^ induces afunctorial isomorphism 

Hom^„(^)(//«(P), M) = Homo.(^)(P, M), (4.5) 

and a monomorphism 

Homo/.(^)(//°(P), M[l]) Hom^.(^)(P, M[l]). (4.6) 

Proof Let n be the maximal number such that //”(P) 0 and let m be the minimal number such 

that //“(P) + 0. Then, on the one hand, there is a nonzero map P —> //”(P)[-?i] by Lemma 1431 

d} 

On the other hand, let P be of the form • • • —> P' —> P'^*^ —> • • •, then there is a nonzero 
map from P to (P™/ mid"^~^)\m\. Hence, by (SI), we have that n < 0 and m > -1. Thus we 
have assertion (a). Then (b) follows from Lemma 1431 and (c) follows from Lemma 1431 Finally, 
applying Hom£, 6 (y,)(-, M) to the triangle (14.41) yields the functorial isomorphism (14.51) and the 
monomorphism (14.61) . □ 
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Let P be a complex in satisfying (SI). For an integer m, consider the pair of subcate¬ 

gories 

D-'”(P) = {X € D^{^) I Hom£,i(jz()(P, X[/]) = 0, for any i > m} 
and 

D-™(P) = {X e I Hom£,;,(^)(P, X[/]) = 0, for any i < m] 

in the derived category D^{^). Let 7'(P) = D-°(P) n ^ and !F(P) = D-'(P) n Then by (SI), 

we have 

^(P) = {X€^\ Homo*(^)(P,X[l]) = 0} 
and 

T{V) ^{Xeyil Homo.(^)(P,X) - 0}. 

We now obtain results similar to HHKMl Theorem 2.10]. 

Lemma 4.6. Let V be a complex in D^{S{) satisfying (SI). Then the following hold. 

(a) 7~ (P) is closed under factor objects and !F(P) is closed under subobjects. 

(b) P satisfies (S2) if and only ifH^\P) e T'(P). 

(c) P satisfies (S3) if and only i/7'(P) n !F(P) = {Oj. 

(d) IfP satisfies (S2) and (S3), then: 

(i) for each M G J?l, there is an exact sequence 

0 ^ tM ^ M ^ MjtM 0 

with tM e T(P) and MjtM e T(P); 

(ii) (7'(P),;F(P)) is a torsion pair in 3\; 

(iii) T{P) = Fac //°(P); 

(iv) an object M £ T'(P) is Ext-projective if and only if M e add//*’(P). 

Proof. For (a), we only prove the assertion for T'(P). The proof for ?^(P) is similar. For any 
M e T'(P) and an epimorphism f:M —> M' m apply Hom£,fc(^)(P,-) to the exact se¬ 
quence 0 —> ker/ M —> M' ^ 0. Since Hom£,fc(^)(P,ker/[2]) = 0 by (SI), we have 
that Hom£,i,(^)(P, M'[l]) - 0. So M' e 7~ (P). Then 7~ (P) is closed under factor objects. 

By Lemma |4~^ there is an exact sequence 

0 ^ Hom^.(^)(P,//0(P)[l]) ^ Hom^.(^)(P,P[l]) ^ nomo^^^fP,H\P)) ^ 0. 

Because H^(P) = 0 by Lemma 1431 al. the assertion (b) follows. 

For any M e by definition, M e7~ (P) n f(P) if and only if Hom£,6(^)(P, M\i\) = 0 for any 
/ e Z. So we have (c). 

For (d), consider an arbitrary M e J?l. Since J{ is Horn-finite and Krull-Schmidt, there is a 
right add //°(P)-approximation g: X M. Let tM = im g e Fac H^{P) and consider the exact 
sequence 0 ^ tM —> M —> MjtM —> 0. Since H^(P) is in T (P) by (b), it follows from (a) that so 
is tM. On the other hand, by Lemma l431 dl. each map from P to M factors through H^{P), hence 
it factors through g. So Hom£,z>(j^)(P, MjtM) = 0 and then by definition we have MjtM e T^(P). 
Hence (i) holds, and (ii) follows by definition. By (a) and (b), we have Fac//°(P) c T'(P). Let 
M e 7'(P). Since (T'(P),;F(P)) is a torsion pair, we have M = tM e Fac//°(P). Hence we have 
(iii). For (iv), the proof of IBZl Proposition 2.8(2)] works here, using (iii) and Lemma l431 d). □ 

Applying results from IIHRSII . we obtain that 2-term silting complexes induce t-structures also 
in our setting. 

Proposition 4.7. Let 2A be an Ext-finite abelian category, let P be a 2-term silting complex in 
D^{J{) and let B = EndQi,(j^^(P). Then the following hold. 

(a) (D-*^(P), D-°(P)) is a t-structure in D^(J?1). 

(b) This t-structure is bounded, in the sense that for any X e D^{^), there is an s such that 
X e D^^(P). 
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(c) C(P): = D^O(P) n £)> 0 (p) abelian category, where the short exact sequences are 

the triangles in whose terms are in 

(d) C(P) = {X G D\JI) I H^\X) e T{V), //“'(X) g T{V) and H\X) = Ofor ii=-I or 0}. 

(e) (?^(P)[1],T'(P)) is a torsion pair in C(P). 

(f) Hom£)fc(^)(P, -) gives an equivalence from C(P) to modB. 

Proof. By Lemma |43J we have that 

D-°(P) - {X G I Homoi,(^)(P,//'“^(X)[l]) - Homoi(^)(P,//'(X)) - 0, for any i > 0). 

Then by (SI) and (S3), we have 

D-°(P) - {X G D*(J?l) I HfX) - 0 for any i > 0, and //®(X) G ^(P)}. (4.7) 

Similarly, we have 

D-°(P) - {X G D\.9{) I HfX) = 0 for any / < -1, and H-\X) G T{P)}. 

Hence by IHRSl Proposition 1.2.1, Corollary 1.2.2], (a), (c), (d) and (e) follow. To prove (b), 
consider equation (14.71) . Combined with Lemma 1431 this gives 

D^°(P) = ^ J{{z] *■■■* * T{P). (4.8) 

z>0 

Let X be an arbitrary object in D^(J71). By Lemma 1431 it follows that X G tp{[-m\ * ■ ■ ■ * J7l[-n] 
for integers m < n. Then X[n + 1] is in Ji[-m + n + 1] * ■ • • * J?l[l], and hence X G D-^^’^^^P). 
This proves (b). For (f), we refer to the proof of IIIYI Proposition 3.13]. □ 

Recall from IHRSl that an object in J71 is called a tilting object if there exists a torsion pair 
(7~, T') in J{ satisfying the following properties. 

(Tl) is a tilting torsion class, that is, is a cogenerator for J{. 

(T2) 7' = Facr. 

(T3) Ex4(r,X) - 0 for X G T" and i > 0. 

(T4) If Z G T" satisfies Ex4(Z, X) = 0 for all X G T" and i > 0, then Z G add T. 

(T5) If Ex4(r, X) - 0 for i > 0 and X in then X - 0. 

The following result gives the relationship between 2-term silting complexes and tilting objects. 

Proposition 4.8. Let T be an object in an Ext-finite abelian category JTI. Then T is a tilting object 
in J{ if and only if it is a 2-term silting complex in 

Proof Eirst assume that T is a tilting object in J{. Then (SI) follows from IHRSl Lemma 4.1], 
while (S2) follows from (T2) and (T3) and (S3) follows from (T5). So T is a 2-term silting 
complex in 

Now assume that T G is a 2-term silting complex in D^{2R). In this case T = H^{T) is 
a projective generator in C{T) by Proposition I4.7f f). Let 7~ = TiT). Then (T2) follows from 
Lemma |43td. hi); (T3) and (T4) follows from (SI) and Lemma l431' d.ivl: (T5) follows from (S3). 
Now we prove (Tl). Eor any M G JTI, consider the canonical exact sequence 

O^tM^M^ MjtM 0 (4.9) 

with respect to the torsion pair {T{T), p'iT)). Since T is a projective generator in C{T), there is 
an exact sequence 

0 ^ X ^ r ^ (M/tM)[l] ^ 0 (4.10) 

in C{T) with T' G add T. Since T' (T) and 7~(T) is closed under subobjects in C{T), we have 
N is also in T{T). The exact sequences (14.91 ) and (14.101) induce triangles 

tM ^ M ^ MItM tM[l] 


and 


T'[-\] MltM^N T' 
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in Because Hom£,/,(^)(r'[-l], (?M)[1]) = (?M)[2]) = 0 by (SI), we have 

that the map T'{-Y] MjtM factors as r'[-l] ^ M —> MItM. Hence, by the octahedral 
axiom, we have the following commutative diagram of triangles: 

r[-l] r[-l] 



MItM -^tM[l] 


tM[l] 


The triangle in the second column gives an exact sequence 0 —> M —> > T' —> 0 in By the 
triangle in the third row, we have E G T{T) since T{T) is closed under extensions. Hence T{T) 
is a cogenerator of □ 

Remark 4.9. By Proposition 14.81 an object T in an Ext-finite abelian category ^ is a tilting 
object if and only i/ExtJ^(r, -) = 0 for i > 1, Ext^(r, T) - 0 and condition (T5) holds. Note 
that in iHRSll , the category is only assumed to be Hom-fnite. However, if M has a tilting 
object T, then by IIHRSI Theorem 4.6], we have that D*(J?1) is equivalent to the bounded derived 
category o/EndA(r). Since End^(r) is a finite dimensional algebra, it follows that also is 

Krull-Schmidt and Hom-finite. Hence is Ext-finite. 

Eet be the full subcategory of consisting of the complexes X that satisfy 

Hom£)/>('j^j(X, = 0 

for i » 0. It is clear that D^(J?1) is a thick subcategory of Recall that an object P in a 

triangulated category T is called a silting object (see BAIl Definition 2.1]) if 

- Hom 7 -(P, P[i]) = 0 for any i > 0, and 

- thick P = T, 

where thick P denotes the smallest thick subcategory of T containing P. 

Lemma 4.10. Let P bea 2-term silting complex in D^{2R). Then P e D‘^{2R) and thick P = D^ (J?1). 
In particular, P is a silting object in D^(J?1). 


Proof By (SI) we have that P belongs to D^(J?l). Eet X be an object in D‘^(J?1). In particular, by 
Proposition 14.71 (hi. the complex X belongs to D-^(P) for some integer s. Using (14.81) we obtain 


D-fP) = D-°{P)[-s] = 

f 

[ J ^[z] * • 


[-5] c 

/ 

1J mi * • 

• * ^[1] * 


,z>0 



,z>0 

> 


So by definition, we obtain 

Homoi(j?,)(X, D-%P)[i]) - 0 for i » 0. (4.11) 

Take a right add P[- 5 ]-approximation P'[-i'] —> X and extend it to a triangle 

Xi ^P'[-U^X^Xi[l]. 

By applying Hom£)fc(^)(P, -) to this triangle, we have that Xi is also in D-‘'(P). Then X e 
addP[- 5 ]*D-^(P)[l]. Recursively, we have that X is in addP[- 5 ]*addP[- 5 +l]*- • ■*addP[- 5 + 
/ - 1] * D-‘'(P)[/] for any i > 0. Then there is a triangle 
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with X' € addP[- 5 ] * addP [-5 + 1 ] * • • • * addP [-5 + / - 1] and X" e D-^(P)[/]. By (14.111) . for 
i » 0, we have that u = 0. Hence X e thick P, which implies that thick P = By (S2) and 

Lemma l43f bl. we have Hom£)fc(^)(P, P[/]) = 0 for any i > 0. Hence it follows that P is a silting 
object in □ 

Consider now the case with Ji = mod A, for a finite dimensional algebra A. Then we have two 
different definitions of 2 -term silting complexes, which we now compare. 

Corollary 4.11. Let A be a finite dimensional Vi-algebra. Regard A'*(proj A) as a thick subcate¬ 
gory of D^{A). Then D^(mod A) = A'^(proj A) and a complex in D^{A) satisfies Definition I4.il if 
and only if it is a 2-term silting complex in A'^(proj A) as defined in the introduction. 

Proof It is clear that .K'^(proj A) c D'^(mod A). Conversely, it is straightforward to check that any 
complex X e D^(mod A) has a projective resolution of finite length, so it is in A'*(proj A). Hence 
A). 

Let P be a complex {d'\ P' P‘'''^}iez in D*(modA) satisfying (SI), (S2) and (S3). Then 
by Lemma |4.101 the complex P is a silting object in = .K'^(proj A). Up to isomorphism, 

we may assume that P is minimal in the sense that imd' c radP'"''^ for all i. By Lemma l431' al. 
H‘(P) = 0 for / > 0 or i < -1, so P‘ = 0 for i 4 0, -1. Hence P is a 2-term silting complex in 
.fir^(proj A). 

Let P be a 2-term silting complex in P'*(proj A), as defined in fhe infroducfion. Then if is clear 
fhaf P satisfies (SI) and (S2). There is a friangle A —> P' ^ P" ^ A[l], wifh P', P" in addP, see 
IIBZl Corollary 3.3]. Since A satisfies (S3), so does P. Thus, fhe proof is finished. □ 

We also have fhe following application of Lemma 14.101 

Corollary 4.12. Let JA be an P,xt-finite abelian category satisfying that for any M e there is 
an m €2, such that Exl^(M, —) = 0/or any i > m. Then = D^{M) and the 2-term silting 

complexes in D^(JA) are precisely the silting objects in D*(JA) satisfying (SI). 

Proof For any objecf M e JA, we have M € D^(JA) by assumpfion. Since fhe smallesf fhick 
subcafegory of D^{2R) confaining 2R is D^(JA), we have D^(JA) = D^(JA). Then fhe lasf parf of 
fhe asserfion follows direcfly from Lemma l4. 101 □ 

Definition 4.13. Let B be a finite dimensional h-algebra. We call B a quasi-silted algebra if there 
is an P.xt-finite hereditary abelian h-category Li and a 2-term silting complex P in D^(fH) such 
that B - End£)i(.^/P). 

Lemma 4.14. Let P be a two-term silting complex in the bounded derived category of an Exf- 
finite hereditary abelian category Li. Then P = H^(P) 0 //“/P)[l] and H~'^(P) is projective in 
LH. 

Proof Since LT is heredifary, friangle (14.41) is splif. Hence we have P = //‘’(P)©//“/P)[l]. Then 
by (SI), if follows fhaf H~^(P) is projective in Li. □ 

Corollary 4.15, Let Li be an Exl-/n/te hereditary abelian category such that there are 2-term 
silting complexes in D^{Li). Then Li has tilting objects. 

Proof. Eel P be a 2-lerm silting complex in D^{Li). By Eemma 14.141 we have P = H^(P) © 
//“/P)[l]. Consider a friangle confaining a righl add//‘’(P)-approximation of //“/P)[l] 

X' ^ X ^ ^ X'[l], 

where X £ add Since P is a silling objecf in D^{Li) by Corollary 14.121 fhe complex 

X' © H^(P) is also a silting objecf in D^(Li) by IIAH Theorem 2.31]. If is easy lo check fhaf 
X' © //*’(P) satisfies condition (SI), so by Corollary 14.121 again. X' © L[^(P) is a 2-lerm silling 
complex in D^{Li). Furthermore, we have fhaf X' e //“/P)*X implies X' G Li. Hence X'©//^(P) 
is in Li. By Proposition 14.81 if is a tilting objecf. □ 
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Now we have the following direct consequence, which, together with Theorem 12.131 Proposi- 
tion l4.8l and IHRSl Theorem II.2.3], also finishes the proof of part (b) of our main result. Theorem 
1021 

Corollary 4.16. Any quasi-silted algebra is shod. 

Proof. Let P be a 2-term silting complex in for an Ext-finite hereditary abelian k-category 

'K. By Corollary 14.151 it follows that “H has tilting objects. Without loss of generality, we may 
assume that “H is indecomposable. Then either 74 has enough projective objects or 74 does not 
have any projective objects, by 11H21 Theorem 4.2]. For the first case, we have that 77 - mod H for 
some finite-dimensional hereditary k-algebra H and then End£)i(.^)(P) is shod by Theorem 12.131 
For the second case, by Eemma 14.141 we have P = and hence P is isomorphic to a tilting 

object by Proposition 14.81 Hence End£,fc(.^)(P) is quasi-tilted and hence shod by IHRSl Theorem 
II.2.3]. □ 


5. An example 

In this section we discuss a small example of a strictly shod algebra, and point out how it can 
be realized as the endomorphism algebra of a 2 -term silting complex over a hereditary algebra. 

Consider the algebra B - V.QIJ, where Q is the Dynkin quiver of type A 4 , with linear orienta¬ 
tion 


and with ideal of relations J generated by fia and y/?. The global dimension of R is 3. 

This is a Nakayama algebra, it has exactly 7 (isomorphism classes of) indecomposable mod¬ 
ules. Out of these, 5 are projective and/or injective. In addition, we have the simples S 2 and S 3 , 
corresponding to vertex 2 and 3. It is easily verified fhaf S 2 (resp. S 3 ) has projective dimension 
1 (resp. 2), and injecfive dimension 2 (resp. 1). So fhis is by definifion a stricfly shod algebra. If 
is easily seen fo be derived equivalenf fo a pafh algebra of type A 4 (if can be obfained from A 4 by 
filling Iwice). 

Now consider Ihe hereditary path algebra H = V.D^ with D 4 the quiver 


1 


2 



4 


Eet Pi denote the projective //-module corresponding to vertex i. Consider the 2-term silting 
complex given by P = P^ © P^^ © Pr, with Pr = /’ 2 [ 1 ]> with Pm = {P 3 Pi) and with 
Pr = Pi © P 4 . Then, it is easy to verify that End£, 6 (j^Q(j^)(P) = B. 

We remark that by lAIRl Section 3], there is a 1-1 correspondence between 2-term silting 
complexes and so called support r-tilting modules for a given algebra, given by P i-> H^{P). 
Note that when the algebra is hereditary, support r-tilting is the same as support tilting. The 
support tilting module corresponding to P in our example is given by Pi © P 4 © Pi /P 3 , which is 
easily seen to be a tilting module for the path algebra of the subquiver spanned by the vertices 
1,3,4. 
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